We develop a general framework for a stochastic interpretation of certain nonlinear PDEs on manifolds. The linear operation of taking expectations is replaced by the concept of \martingale means", namely the notion of deterministic starting points of martingales (with respect to the Levi-Civita connection) ending up at a prescribed state. We formulate a monotonicity condition for the Riemannian quadratic variation of such martingales that allows us to turn smallness of the quadratic variation into a priori gradient bounds for solutions of the nonlinear heat equation. Such estimates lead to simple criteria for blow-ups in the nonlinear heat ow for harmonic maps with small initial energy.
Introduction
The theory of harmonic maps connects nonlinear analysis, geometry and topology for Riemannian manifolds in a rather subtle way, see 9], 10], 11]. Harmonic maps M ! N provide a common generalization of the notion of geodesics (for M = S 1 or R) and harmonic functions (for N = R or R n ). It is well-known that probability theory, namely the theory of Brownian motion, is related to the linear case of harmonic functions. Stochastic analysis provides tools to reduce (linear) partial differential equations (e.g., heat equation, Dirichlet problem) to solutions of ordinary stochastic differential equations, in such a way that the solution of the partial differential equation is given by taking expectations of a stochastic solution. Although stochastic analysis on Riemannian manifolds is well-developed 13], 14] , 15] , 20], an essential dif culty in applying stochastic methods to nonlinear geometric PDE problems comes from the fact that taking expectations of random variables is by definition a linear operation, ruling out, for instance, straightforward generalizations to the harmonic map problem for general target manifolds.
There are established ways to de ne expectations (means) for random variables or probability distributions on manifolds, like the theory of Riemannian centres of mass 23], 30] , or the notion of barycentres of measures, see e.g. 16] . Most applications of these concepts are related to random variables concentrated on domains which can be described geometrically in terms of convex geometry (see 25] ). It appears dif cult to adapt notions relying on convexity to situations where nontrivial topology and the global nature of the manifold is involved. The appropriate replacement of the linear expectation operators is given by a rather sophisticated nonlinear stochastic concept, namely the notion of (deterministic) starting points of martingales with the given random variable as terminal state. Martingales on manifolds depend on a linear connection, e.g., the Levi-Civita connection induced by the metric for Riemannian manifolds. With respect to this connection martingales provide a natural class of free motions relative to the given geometry.
This paper includes a discussion of the heat ow for harmonic maps in terms of martingales on Riemannian manifolds and investigates the development of singularities out of smooth initial data in nite time created by topological reasons. Our main intention is to clarify the probabilistic background of such phenomena and to establish stochastic methods in the eld of global geometric evolution problems.
Throughout this paper, we assume that (M; g) is either a compact Riemannian manifold or (M; g) = (R m ; can) with the canonical Euclidean metric, and that all target manifolds N are compact. All manifolds are connected, and all maps are supposed to be smooth (C 1 ) if not stated otherwise explicitly. Solutions of the heat equation are always understood in the classical sense. one seeks to realize de Rham cohomology classes by harmonic differential forms, a fundamental question is whether a given homotopy class of maps has a harmonic representative.
The heat ow for harmonic maps
The basic existence problem is concerned with the deformation of a map f: M ! N into a harmonic map. A classical approach of determining harmonic representatives in a given homotopy class is the so called \deformation under the heat ow". Here one uses the heat equation @ @t u = 1 2 (u) on 0; 1 M uj t=0 = f (2:1) to establish a homotopy u t = u(t; ) between the initial map f = u 0 and a harmonic map, namely u 1 lim t!1 u t . Inherent to this method are several dif culties: one of them is that a priori only existence of local solutions to the heat equation is guaranteed, e.g., see 18] , 22]. Theorem 2.1 (Short-term existence of solutions) Let M and N be compact. Then there exists T > 0 depending on the initial map f such that the heat equation has a unique smooth solution (t; x) 7 ! u(t; x) for (t; x) 2 0; T M.
Short-term existence of solutions also holds for not necessarily compact manifolds M, provided the energy density kdfk 2 of the initial map is bounded on M; then also kdu(t; )k 2 is bounded on M for any t < T. In their pioneering paper on the subject Eells-Sampson obtain the following global existence result, using strong curvature assumptions for N. Theorem 2.2 12] Let M and N be compact, and suppose the sectional curvature Riem N of N is non-positive. Then for any f 2 C 1 (M; N) the heat equation admits a unique, global, smooth solution u: 0; 1 M ! N. As t ! 1, the maps u(t; ) converge smoothly to a harmonic map u 1 2 C 1 (M; N) homotopic to f.
If the manifold M has a boundary @M = = , then it is natural to consider the Dirichlet problem, namely whether or not a given (smooth) : @M ! N has an extension to a harmonic map u: M ! N with uj @M = . In the heat ow approach to this problem one works with the heat equation for a suitable extension f of to M, together with the Dirichlet boundary condition u(t; )j @M = :
The result of Eells-Sampson was extended to cover the case of manifolds with boundaries @M = = by Hamilton 18] . It is well-known that the curvature restriction Riem N 0 can be weakened if initial and boundary data have small range 21].
The situation turns out to be much more complicated if the curvature assumption in Theorem 2.2 is dropped. In higher dimensions hardly any general global result is known for the homotopy problem unless Riem N 0. There can be topological restrictions which prevent the heat ow from having any chance of converging or subconverging. For example, as is well-known 9], there exist no harmonic maps T 2 ! S 2 with degree 1. This implies that solutions of the heat equation for any initial data of degree 1 cannot converge or subconverge to a harmonic map. A second even more fundamental problem is the question whether the heat ow exists for all t 0 without curvature assumptions on N.
Local existence of solutions implies that there is a maximal interval 0; T where 0 < T 1 such that the solution exists on this interval but cannot be extended beyond. Whether the case T < 1, namely \blow-up in nite time", is possible to occur has been a challenging problem for a long time (see 10], p. 63).
It is meanwhile known 4], 3] that blow-up in nite time is a natural phenomenon if the initial map u 0 = f belongs to a nontrivial homotopy class and the initial energy E(u 0 ) is suf ciently small. if and only if u 0 is 2-homotopic to a constant map (i.e. i (u 0 ) = 0 for i 2). This is equivalent to the condition that the restriction of u 0 to the 2-skeleton of some triangulation of M is homotopic to a constant map. Speci cally, any map u 0 2 C 1 (M; N) is homotopic to maps with arbitrary small energy, for instance, if Note that if Riem N 0 then i (N) = 0 for i 2, and any map M ! N that is 2-homotopic to a constant is already homotopic to a constant. Heat ow is energy decreasing and, if the energy is suf ciently small, the deformation goes towards constant maps; blow-ups occur if this is impossible for topological reasons. The way analysis and topology combine in the heat ow to create singularities in nite time is far from being completely understood. In this paper we like to demonstrate that stochastic analysis provides natural tools to deal with such questions.
Brownian motion and harmonic maps
Let ? ; F;P;(F t ) t2R+ be a given ltered probability space ful lling the usual conditions. An adapted stochastic process X with continuous paths on a Riemannian manifold (M; g) is a Brownian motion if for each ' 2 C 1 (M) with compact support ' X t ? ' X 0 ? 1 2 Z t 0 ( M ') X s ds (t 0) (3:1) de nes a real-valued martingale; here M is the Laplace-Beltrami operator on (M; g). We say X is BM(M; g), and write X = X x if X x 0 = x a.s.
There is an intrinsic method of constructing Brownian motion on a Riemannian . Thus, given one of the three processes Z, X, or U, up to a speci cation of the starting variables, the two others may be constructed. Note that the Riemannian quadratic variation X; X] = R g(dX; dX) of an M-valued semimartingale X depends only on the martingale part of its anti-development, namely X; X] = Z; Z] where Z; Z] = Z 1 ; Z 1 ] + : : : + Z m ; Z m ] is the usual (Euclidean) quadratic variation of Z.
An adapted process X with values in the Riemannian manifold (M; g) is called a r-martingale (with respect to the Levi-Civita connection r) if X is the stochastic development of a continuous R m -valued local martingale Z (see 15] ). We only consider r-martingales with respect to Levi-Civita connections, thus we omit the speci cation of the connection in the sequel. The class of all martingales on (M; g) is denoted by Mart(M; g). Using the functional characterization of manifold-valued martingales, due to Darling 6] , which relies on the richness of germs of convex functions, it is easy to see that the martingale property is a local property; hence there is a straightforward meaning of M-valued semimartingales being a martingale on stochastic intervals of the form ; or ] ; . BM(M; g) constructed by stochastic development lives on the canonical Wiener space that carries BM(R m ). The standard ltration on the m-dimensional Wiener space will be referred to as (m-dimensional) Brownian ltration in the sequel. All manifoldvalued processes will be de ned on some xed m-dimensional Wiener space with its Brownian ltration, but with m not necessarily the dimension of the manifold. Maps between manifolds may be studied under the aspect how they transform certain classes of random motions, for instance Brownian motions, see 6] . The action of a map f on BM(M; g) is described in terms of the rst and second fundamental form of f. Theorem 3.1 Let f: (M; g) ! (N; h) be a smooth map between Riemannian manifolds. Let X be a semimartingale on M with X 0 = x, which comes by stochastic development from a at semimartingale Z on T x M. The image processX = f X is a semimartingale on N withX 0 = f(x), and hence determined by its anti-development Z in T f(x) N. If == t;0 = U 0 U ?1 t and == t;0 =Ũ 0 Ũ ?1 t denote the parallel transports along paths of X, resp.X, we have dZ = == t;0 df == 0;t dZ + 1 2 == t;0 rdf(dX; dX) : (3:5) Speci cally, if X is a BM(M; g), and correspondingly Z a BM(T x M), we get dZ = == t;0 df == 0;t dZ + 1 2 == t;0 (f) X dt ; (3:6) in this case the Riemannian quadratic variation X ;X] = R h(dX; dX) reads as d X ;X] = P h(f Ue i ; f Ue i ) dt = ? kdfk 2 X dt :
The proof of (iii) (Martingale means) Let (F t ) t 0 be a ltration on ( ; F;P) ful lling the usual conditions such that F = F 1 . Then the point y 0 is said to be a martingale mean of if there is a uniformly integrable martingale Y on N, adapted to (F t ) t 0 , starting at y 0 and ending up at , i.e., Y 0 = y 0 and Y 1 = , a.s.
Each of the above concepts relies on a different aspect of the geometric setting, e.g., the notion of convexity, the distance function induced by the Riemannian metric, or the idea of a drift-free random motion. Only the martingale mean requires a ltration;
it uses the starting point y 0 of a martingale Y ending up at Y 1 = as a substitute for the missing expectation \E ]". (In addition, one may take Y s as replacement of the conditional expectation \E Fs ]"). Note that if F 0 is trivial, e.g., in case of the Brownian ltration on Wiener space, adapted processes start at deterministic points. By de nition, the martingale interpolating between y 0 and is assumed to be uniformly integrable in the sense that its anti-development is an uniformly integrable martingale on R n . Martingales on manifolds include continuous local martingales on Euclidean space; thus without the restriction to uniformly integrable martingales this notion would be too wide. Example 4.2 Let ? ; F;P;(F t ) t2R+ be a ltered probability space such that F 0 is trivial and F 1 = F. Take N = R n , and let 2 L 1 ( ; F;P;R n ). Then Y s = E Fs ], s 0, de nes a uniformly integrable martingale on R n with limit Y 1 = , a.s., and starting point Y 0 = E F 0 ] = E ].
In Example 4.2 the martingale itself, but not its starting point, depends on the ltration | a situation that changes if we consider random variables with values in general Riemannian manifolds (N; h). Note that in the example y 0 = E ] is also a Cartan mean and obviously in the barycentre of by Jensen's inequality.
In the context of the martingale mean it appears natural to keep track of the \size" of the interpolating martingales. As mentioned above, the Riemannian quadratic variation of an N-valued martingale coincides with the quadratic variation of its anti-development in R n . On the other hand, the size of a martingale on Euclidean space is measured by its quadratic variation process. Note that martingales Y with prescribed end state Y 1 automatically ful ll Y; Y ] 1 < 1 a.e., as a consequence of the martingale theorem.
For p 1, a martingale Y with values in a Riemannian manifold (N; h) is called an
is the Riemannian quadratic variation of Y (see also 8]). A martingale mean y 0 of an N-valued random variable is called an H p -martingale mean if there is an H p -martingale begun at y 0 and converging to . Then, the H p -norm kY k H p = Y; Y ] 1=2 1 L p serves as a speci cation of the goodness of the mean value Y 0 = y 0 for the variable .
Giving a brief comparison of the concepts in De nition 4.3, we remark that (at least on suf ciently small domains) both Cartan means and martingale means are compatible with barycentres (see 25] ). For instance, let y 0 be a martingale mean for a random variable where Y is the corresponding uniformly integrable martingale with Y 0 = y 0 and Y 1 = . Then, for all ' 2 C 1 (N), say such that kd'k is bounded, we have:
As a consequence, '(y 0 ) and E ' ] differ by the nonlinear correction term 1 2 E R 1 0 rd'(dY; dY ) depending on the complete martingale Y . Obviously, the correction is 0 if rd' = 0 (i.e., ' af ne), and ' y 0 E ' ] if rd' 0 (i.e., ' convex). The obvious problem with barycentres comes from the fact that in general there are not enough convex functions to specify appropriate means for large range random variables. For example, on a compact Riemannian manifold (without boundary) there are no globally de ned non-constant convex functions at all.
We like to stress that there is fundamental conceptual difference between Cartan means and martingale means which makes these notions incompatible in any general setting. For instance, x an F 1 -measurable random variable with values in N. For simplicity, suppose that range ( ) B N where B is a suf ciently small regular geodesic ball such that dist N = dist B on B B; here dist B is the restricted metric on B de ned by taking into account only curves connecting x and y within B. If y 0 2 B is a Cartan mean of , then in particular, y 0 is a critical point for Q:
or, in other words, E exp ?1 y 0 ( ) = 0. Thus, for a Cartan mean y 0 of , there is a martingaleŶ in T y 0 N, namelyŶ s = E Fs exp ?1 y 0 ( ) , such that the N-valued process Y = exp y 0Ŷ starts at y 0 and terminates at , i.e., Y 1 = . In general, Y will not be a martingale unless exp y 0 is totally geodesic. On the other hand, if y 0 is a martingale mean of , then there is a martingale Y on N such that Y 0 = y 0 and Y 1 = a.e. By de nition, Y is the stochastic development of a martingaleŶ in T y 0 N = R m . In both cases there is a martingaleŶ in T y 0 N, but dealing with the Cartan mean implies thatŶ is transported onto N via the exponential map (at the xed point y 0 ) to give a process Y on N connecting y 0 and (in general only a semimartingale),
whereas the concept of the martingale mean uses the more complicated procedure of stochastic development to transportŶ onto N: the frame in T y 0 N (used to identify T y 0 N and R m ) is carried along Y by stochastic parallel transport. Throughout this paper, we restrict ourselves to H 2 -martingale means which is an appropriate class for the applications we have in mind. The term \martingale mean" will be used in this stronger sense. As pointed out, for H 2 -martingales Y ,
measures the \size" of Y and speci es a \distance" of the mean Y 0 = y 0 to the variable . In case uniqueness for Y fails, the (squared) H 2 -norm E ( Y; Y ] 1 ) allows one to compare different mean values and to specify a hierarchy of means to the random variable .
In this paper the N-valued random variables will be of the form = f X x t for some t, or slightly more general, = f X x for some stopping time ; here X x is a BM(M; g) and f: M ! N a smooth map. The relevant ltration is the mdimensional Brownian ltration on Wiener space where m = dim M. Since the class of martingales is invariant under transformations of the time scale, martingale means for random variables of the above type are covered by prescribing terminal values as t ! 1. The H p -norm of martingales is unaffected by a time change. Example 4.4 For n > 2, let (S n?1 ; d# 2 ) be the (n ? 1)-dimensional standard sphere.
The map f: R n nf0g ! S n?1 ; x 7 ! x kxk ; is harmonic. Hence, for a BM(R n ) X = X x started at x = = 0, the angle process x :
x t = f X x t ; t 0; de nes a martingale on S n?1 . Its Riemannian quadratic variation is given by d x ; x ] = (n ? 1) (R r ) ?2 dt ; r = kxk ; where R r = kX x k is a Bessel process of dimension n started at r > 0. Thus, for x = = 0 and any t > 0, 
The stochastic representation of the heat equation
We start discussing some nonlinear PDE problems on manifolds under the aspect of taking expectations on manifolds. Consider the following three types of problems. Note that in the at case N = R n solutions are given in terms of Brownian motion by taking expectations, namely as The key observation is given by the following theorem. is an H 2 -martingale, started at u(x) with limit u X x x as s ! 1.
Some non-uniqueness results
We now brie y describe some examples indicating that martingale means on manifolds are quite a delicate object, and which illustrate some of the issues arising in a global theory of expectations on manifolds. Here we mainly stick to the lack of uniqueness in the nonlinear Dirichlet problem.
Let M = B 1 (0) R m fx 2 R m+1 : x m+1 = 0g, the closed unit ball in R m , and N = S m , the standard m-dimensional sphere. We think of S m as the unit sphere in R m+1 and view M as unit ball in the equatorial hyperplane R m+1 \fx m+1 = 0g. Thus @M = S m?1 , ?! S m as equator with the inclusion (x) = x.
Let X be BM(R m ), started at X 0 = 0, and the rst hitting time of @B 1 (0). The underlying ltration is the standard m-dimensional Brownian ltration. We take the S m -valued random variable = X (actually with values in the equator S m?1 of S m ), and look for martingales Y on S m with terminal value , that is Y = a.s.
Recall that this question is related to the Dirichlet problem of nding harmonic maps u: B 1 (0) ! S m such that u equals the identity map on @B 1 (0) = S m?1 S m : for each such u the composition Y = u X is a martingale with the desired property.
First, we look for martingales starting from the south (or north) pole and ending up at . For this, let (#; r) be polar coordinates in B 1 (0), and write X = ( ; R) such that gives the angle of X on S m?1 and R the Euclidean distance of X to the origin. We restrict ourselves to \rotationally invariant" martingales Y on S m of the form Y = ( cos h R; sin h R) It is an elementary substitution to transform (6.2) to the equation for a damped pendulum which can be analyzed by standard methods (see also 40], pp. 92{93).
It follows that for m 7 any solution h of (6.2) with h(0) = ? =2 , h 0 (0) > 0 lies below the line h = 0, and is increasing and asymptotic to h = 0. This implies that there is no martingale of the type (6.1) with Y 0 = south pole and Y = .
For 3 m 6, however, there are in nitely many different martingales starting from the south pole and ending up at . Any solution h of (6.2) with h(0) = ? =2 , h 0 (0) > 0 is now asymptotic to the line h = 0 and crosses this line at in nitely many points 0 < r 1 < r 2 < r 3 < : : : with r i ! 1; hence, as a consequence of the scale invariance of (6.2), for each i 2 N h i (r) = h(r i r) ; 0 r 1;
gives a solution of (6. it is true that the total energies E(u i ) are uniformly bounded, i.e., E(u i ) c < 1, while kdu i k 2 (0) ! 1 as i ! 1. This failure of interior estimates on harmonic maps with bounded total energy is again in sharp contrast to the behavior of harmonic functions. We reconsider such phenomena in the subsequent sections.
Finally, if we also take into account martingales Y on S m with Y = , not necessarily of the rotationally invariant form (6.1), starting points of such martingales may be quite arbitrary. For instance, if m = 3, then it is known 37] that for any x 0 2 B 1 (0) R 3 , there is a smooth harmonic map u: B 1 (0)nfx 0 g ! S 2 such that uj @B 1 (0) = id @B 1 (0) . Each such map u = u x 0 for x 0 = = 0 composed with the Brownian motion X on R 3 (started at X 0 = 0) provides a martingale Y = u X on S 2 S 3 with Y 0 = u(0) and Y = . For any 0 = = x 0 2 B 1 (0), we thus get a martingale on S 3 that actually lives on the equator of S 3 , ending up at the prescribed value . By studying the construction of the maps u = u x 0 37], it is not very dif cult to see that for appropriate choices of x 0 we can achieve that every point of S 2 S 3 appears as initial point u x 0 (0) of u x 0 X; moreover u x 0 X is even an H 2 -martingale. Translated into our terminology, this says that each point on the equator is a martingale mean of .
We emphasize that the above results should not be interpreted as artifacts of an insuf cient conceptual framework; they just re ect the topological nature of the problem and the nontriviality of the Dirichlet problem in this context.
Long-term behavior of the heat equation
As explained in section 5, associated to the nonlinear heat equation is the following reachability problem for r-martingales. Given u 0 2 C 1 (M; N), a Brownian motion X x on (M; g) such that X x 0 = x, and the random variable = u 0 X x t for some x 2 M, t > 0, the problem is to nd an N-valued H 2 -martingale Y = (Y s ) 0 s t with Y t = a.e. The ltration is the m-dimensional Brownian ltration (m = dim M) with respect to which X x is de ned. The relevant question is how such a martingale (unambiguously de ned as constant martingale for t = 0) changes as t increases.
There are results that guarantee existence and uniqueness of martingales with prescribed end states (see 25] , 34], 35], 36], 7], 8]). They naturally require strong restrictions on for existence (either on the range of or on the norm of the derivative of considered as a smooth Wiener functional); uniqueness is usually only given within a certain class of martingales with suf ciently small Riemannian quadratic variation. The results of Kendall 25] give existence and uniqueness of martingale means for random variables with values in small domains, like regular geodesic balls; they exclude effects caused by global geometry; see also 26], 27], 28]. Results of Picard ( 35] , Theorems 2.2.1 and 3.1.1) cover random variables of the type = u 0 X x t (u 0 smooth, M and N compact) at least for suf ciently small t and provide existence and uniqueness of martingale means in this case. Darling 7] constructs r-martingales on R n with prescribed terminal value under local Lipschitz and convexity conditions on the connection r. and let e(u) = kduk 2 denote the energy density of u. Then it is true that ? @ @t ? 1 2 M e(u) + krduk 2 K M e(u) + K N e(u) 2 ;
(7:1)
where K M depends on the Ricci curvature of (M; g), and K N denotes an upper bound for the sectional curvature of (N; h). Note that in PDEs connected to the harmonic map problem the function F depends in general quadratically on du, thus violating a global Lipschitz condition for F. Hence, the existence part of Pardoux-Peng cannot be used directly to determine martingale means.
The heat equation as a system of nonlinear parabolic PDEs is hard to deal with explicitly. With enough symmetries, however, the problem can be reduced to a scalar equation in only two variables.
We consider the following example, studied in 5]; see also 17] . Let M = R m and N = S m , m 3, and let u 0 : R m ! S m be de ned by u 0 (x) = x r cos h 0 (r); sin h 0 (r) ; r = kxk ; (8:1) where h 0 : 0; 1) ! R is differentiable, monotonic increasing, h 0 (0) = ? =2, and h 0 (1) = (2k + 1) 2 with k 2 Z + . Let u(t; ) be the solution of the heat equation with u(0; ) = u 0 , in other words, u(t; x) = E(u 0 X x t ), using the terminology of the last section. By symmetry considerations, we have u(t; x) = x r cos h(t; r); sin h(t; r) (8:2) with an appropriate function h(t; r) of two variables. Hence, given the S m -valued random variable u 0 X x t for some xed t > 0 (suf ciently small), the martingale Y with initial point Y 0 = u(t; x) and prescribed end state Y t = u 0 X x t is of the form Note that, without changing the homotopy type of u 0 , the energy of the initial map can be made as small as we like. For instance, in any homotopy class we can nd representatives with h 0 (t) h 0 (1) for t " 0 > 0 where " 0 may be chosen arbitrarily small. Taking such a representative means that u 0 is constant outside a small ball of radius " 0 about the origin. On the other hand, BM(R m ) is transient for m 3, which implies that the random variable u 0 X x t is almost constant for t large, namely equal to north or south pole, depending on k. Thus, we expect Of course, u 0 cannot be homotopic to a constant map, if it represents a nontrivial homotopy class. Hence, the deformation u(t; ) of u 0 must develop singularities. The problem is to verify that this happens actually in nite time. Heuristically, it is then quite obvious that singularities appear at a nite number of points (t ; 0), since by symmetry, as t increases, u(t; 0) cannot move along great circles through the poles: the points u(t; 0) have to \jump" between the poles.
In stochastic terms the problem can be described as follows. Let R denote an m-dimensional Bessel process Bes(m) (radial part of BM(R m )) with generator 1 2 @ 2 @r 2 + m ? 1 r @ @r ; assume that R is de ned on the one-dimensional Wiener space and adapted to its one-dimensional Brownian ltration (F s ) s2R+ . For xed t > 0, set = h 0 R r t with R r 0 = r. By Lemma 8. Therefore, h(t; 0) is necessarily an integer multiple of =2. Formula (8.7) could be used for an explicit discussion of the heat ow for maps of the type (8.1). We are not going to pursue this example in further detail now; its main features will be covered by the general theory developed in the next section.
Monotonicity properties for manifold-valued martingales
Let (M; g) and (N; h) be Riemannian manifolds where N is compact. By Nash's theorem, we may assume that (N; h) is isometrically embedded into R`for somè 2 N. Let : (T R`)jN ! TN denote the orthogonal projection, which gives a linear map y : R`! T y N for each y 2 N. Writing where f = u 0 : R m ! N is smooth and of nite energy E(f) = R kdfk 2 dx < 1. We also assume that e(u 0 ) = kdfk 2 is bounded. In this case (7.2) provides an a priori estimate for e(u) on a small time interval which guarantees the existence of a solution to (9.2) locally, i.e. on a small time interval 0; t 1 for some t 1 > 0. The We start the proof of Theorem 9.1 by giving a rst lemma. Lemma 9.2 Let u: 0; T R m ! N be as in Theorem 9.1 and (t; x) 2 0; T R m .
Then the following two statements are equivalent:
(i) For each 2 ]0; 1 the function (9.6) is non-decreasing on ]0; t].
(ii) The function (s) = s E e(u)(t ? s; X x s )] is non-decreasing on ]0; t]. Proof. First note that h(dY t;x s ; dY t;x s ) = kduk 2 (t ? s; X x s ) ds = e(u)(t ? s; X x s ) ds.
Hence, under the assumption that (s) = s E e(u)(t ? s; X x s )] =: s '(s) is nondecreasing on ]0; t], we get for 0 < r < r 0 t, with := r 0 =r > 1, Proof. We follow a similar calculation of Struwe 41] , and show that s 7 ! (s 2 ) = s 2 '(s 2 ) is non-decreasing on ] p a; p b ]. Of course, we may assume that x = 0. First note that, for xed s > 0, the rescaled functioñ u s (r; y) :=ũ(s 2 r; sy) ; (r; y) 2 a=s 2 ; b=s 2 R m also solves (9.8).
Since, by the scaling property of BM(R m ; can), E kdũ s k 2 (1; X 0 1 ) = s 2 E kdũk 2 (s 2 ; sX 0 1 ) = s 2 E kdũk 2 (s 2 ; X 0 s 2 ) ; it suf ces to check d ds E kdũ s k 2 (1; X 0 1 ) 0. Moreover, by the same reasoning as above, it is enough to consider s = 1, i.e., to establish d ds s=1 E kdũ s k 2 (1; X 0 1 ) 0 :
(9:10)
From the de nition ofũ s follows d ds s=1ũ s (r; y) = 2r @ rũ (r; y) + dũ(r; y) y. Notice thatũ(r; ) is a function from R m to R`, and its differential dũ(r; ) is hence a function from R m to R m R`. Moreover, by the isometry of the embedding N , ! R`, we have kdũk 2 We substitute (grad g)(y) = ?y g(y) into the second integral, and apply Green's formula to the rst integral, exploiting ũ = ?2 @ rũ + (ũ) and the fact that 2 @ rũ (1; y) + dũ(1; y) y 2 Tũ (1;y) N ; y 2 R m :
Thus, we nally have Proof. Again it suf ces to consider the case x = 0. Note that for solutionsũ of (9.11),
where (s) (s;ũ) is given by (9.12), we get from the proof of Lemma 9. Finally, choosing = r 1 =2, hence (r 1 ? ) 2 = r 0 =4 , we get for suf ciently large sup P((r 0 =4 ) 1=2 ;t 0 ;x 0 ) e(u) 16 =r 0 :
The proof is complete. From (10.5) we read off more precise quantitative information how smallness of Riemannian quadratic variation translates into gradient bounds for solutions of the heat equation. for " 1 < " 0 =c(t; m) where " 0 = " 0 (m; N) is the constant determined by Theorem 10.1. Note that the explicit form of the constant c(t; m) is t ln 2 (2 t) ?m=2 and that m 3 by assumption; hence the same constant " 1 that works for t also applies for t 0 > t; especially " 1 may be chosen independent of t as long as t exceeds some positive value, say t t 0 . However, as a consequence of Corollary 10. 
Conclusion
Deformation by heat ow reduces the total energy of the initial map u 0 : M ! N, while the average energy along paths of Brownian motion (measured by the H 2 -norm of the martingales with prescribed terminal state u 0 X x t ) may blow up. We discussed the case M = R m with the at Brownian motion; analogous results can be given in the general situation by exploiting the fact that locally about each point any Riemannian metric is approximately Euclidean (see 42] ).
Speci cally, if u: 0; t 0 M ! N is a smooth solution of the heat equation, we have the N-valued martingale Y s = u(t 0 ? s; X x s ), 0 < s t 0 , and the function (r) = E R r r=2 h(dY; dY ) is non-decreasing on ]0; t 0 ]. Hence, for x 2 M, there are two possibilities: (i) lim r!0 (r) > 0, which means that blow-up occurs at (t 0 ; x); in this case the process (Y s ) 0<s t 0 is a martingale without starting point. (ii) lim r!0 (r) = 0, which implies that the heat ow u can be extended around (t 0 ; x); moreover Y 0 = u(t 0 ; x).
There are many important related questions. Of course, the above discussion stresses the desirability of constructing appropriate martingales with purely probabilistic methods and without relying on solutions the heat equation. For instance, let f: M ! N be a smooth map between compact Riemannian manifolds (M; g) and (N; h). Is there always an H 2 -martingale Y s (de ned at least for 0 < s t) with terminal state f X x t , even for t > T , if T is the rst blow-up time in the heat ow with initial map f? What is a straightforward stochastic way to construct such martingales in general situations? (We deal with these questions in 41], 42]).
Note that the heat equation is no longer well-de ned as classical PDE beyond the rst singularity; one has to switch to the framework of distributional solutions. Nevertheless, questions about martingale means of random variables of the type = f X x t make sense for arbitrary values of t.
Finding starting points of martingales with a prescribed terminal state puts the heat equation in a quite general setting and provides \solutions" to the heat equation in a weak but canonical sense.
